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SUMMARY 
The v ib ra t ion  e igenva lues  and  modes have  been  ana ly t i -  
c a l l y  d e t e r m i n e d  f o r  t h e '  h e l i c o i d a l .  she l l  and i t s  l i m i t i n g  
c a s e ,  t h e  skewed f l a t  p l a t e , .  A g e n e r a l  a n a l y s i s  i s  g iven  
wherein the energy equat ion .employed i s  der ived from 
Hamjl ton 's  Law of  Varying  Action. No numerical  data has 
been  found i n  t h e  l i t e r a t u r e  for t h e  h e l i c o i d a l  s h e l l .  Re-  
sults fo r  sphe r i ca l  caps  and  comple t e  con ica l  shells, ob- 
t a i n e d  by the  method of th is  paper ,  are compared t o  exac t  
so lu t ions  f rom the l i t e r a t u r e  f o r  t h e s e  two she l l  geomet r i e s .  
The au tho r s  cons ide r  t h i s  paper  t o  be a s i g n i f i c a n t  s t e p  
t o w a r d  a n  a n a l y t i c a l  s o l u t i o n  t o  t h e  t h e r m a l l y  stressed, 
v a r i a b l e  t h i c k n e s s ,  t u r b i n e  b l a d e  immersed i n  b o t h  a f l u i d  
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INTRODUCTION 
I n  r e c e n t  y e a r s  e m p h a s i s  i n  s o l i d  m e c h a n i c s  has sh i f ted  
from p l a t e s  t o  shells.  This  can be a t t r i b u t e d  t o  the f a c t  
that  t h i n  p l a t e  v i b r a t i o n s  h a v e  b e e n  w i d e l y  e x p l o r e d  f o r  
s imple  geometr ies  such  as t h e  c i r c l e ,  t he  r ec t ang le ,  and  t h e  
rhombus [l]. E x a c t   s o l u t i o n s  were f o u n d   f o r   i s o l a t e d   c a s e s .  
However, f o r  many boundary  cond i t ions  the  ana lys t  was (and 
i s )  f o r c e d  t o  seek an  approximate  solut ion.   "Approximate"  
usual ly   meant  a Rayle igh-Ri tz   type   so lu t ion .  "Beam" func- 
t i o n s  became popu la r  among p l a t e  a n a l y s t s  who a t tempted  
s o l u t i o n s  by Rayle igh-Ri tz  s ince  they  a l ready  satisfied the 
geometr ic   boundary  condi t ions.  The r e s u l t s  i n  many c a s e s  
were less t h a n   s a t i s f a c t o r y .  Th i s  inaccuracy  was g e n e r a l l y  
a t t r i b u t e d  t o  t h e  f a c t  tha t  the  method was "approximate". 
With t h e  a d v e n t  of f i n i t e  e l e m e n t  a n a l y s i s ,  t he  a n a l y s t  
had a t  h i s  disposal an approximate method which took much 
l e s s  i n tu i t i on  than  Ray le igh -Ri t z  ( the  Ray le igh -Ri t z  method 
requi res  one  t o  assume a s o l u t i o n  i n  the form of "admissible 
f u n c t i o n s ) .  A p redominance   of   the   f in i te   e lement   echnique  
has come about  for  numerous  reasons ,  bu t  two m a j o r  f a c t o r s  
a r e  t h e  e a s y  s a t i s f a c t i o n  of t h e  boundary  condi t ions  and  the  
ease of   handl ing   compl ica ted   geometr ic   shapes .  However,  us- 
i ng  concep t s  l ong  unde r s tood  fo r  s a t i s f ac t ion  o f  boundary  
c o n d i t i o n s  [2], t h e  R i t z  method  can now be a p p l i e d  t o  geo- 
m e t r i c a l l y  c o m p l i c a t e d  s t r u c t u r e s  w i t h  g r e a t  a c c u r a c y  f o r  
bo th  s ta t ionary  and  non-s ta t ionary  problems.  
S i n c e  f i n i t e  e l e m e n t  a n a l y s i s  i s  now widely accepted as 
the  b e s t  way t o  s o l v e  t h e  d i f f i c u l t  p r o b l e m s ,  t h e  R a y l e i g h -  
Ri tz   p rocedure  has been  pushed  as ide [31. I n   t h e   a u t h o r s '  
op in ion ,  i t  i s  u n f o r t u n a t e  t h a t  a n a l y s t s  a l w a y s  t h i n k  of 
Ray le igh -Ri t z   i n s t ead   o f   j u s t   R i t z  [ 4 ] .  R a y l e i g h ' s   i n t e n t  
was tha t  of  choosing one funct ion,  which i f  a t  a l l  c l o s e  t o  
t h e  t r u e  mode shape,  would y i e l d  a f a i r ,  i f  not good, 
approx ima t ion  fo r  t he  frequency b y  means  of Ray le igh ' s  quo- 
t i e n t .  However, R i t z ' s  idea was tha t  of choosing a s e r i e s  
o f  s u i t a b l e   a p p r o x i m a t i n g   f u n c t i o n s .   R i t z  [ 4 ]  showed t h a t  
such a ser ies ,  w i t h  a f i n i t e  number of terms, c o n v e r g e s  t o  
an  upper  bound o f  t h e  t r u e  s o l u t i o n .  H i s  proof,  however,  and 
the r e s u l t i n g  d i r e c t  s o l u t i o n s  a p p l y  o n l y  t o  s t a t i o n a r y  
systems.  Using  concepts [ 5 ]  a s s o c i a t e d  w i t h  Hami l ton ' s  Law 
of Varying Action 161 t h e  a u t h o r s  h a v e  o b t a i n e d  d i r e c t  s o l u -  
t i o n s  t o  n o n - s t a t i o n a r y  a n d / o r  n o n - c o n s e r v a t i v e  s y s t e m s .  
When c a l c u l a t i n g  the t r ans i en t  mo t ion  of a deformable body, 
a m a j o r  s i m p l i f i c a t i o n  f o r  a c h i e v i n g  d i r e c t  s o l u t i o n s  (as 
wi th  the equa t ions  o f  Lagrange )  r e su l t s  when one uses  t h e  
f ree  v i b r a t i o n  modes and normal  coordinates ,  whether o r  n o t  
th i s  procedure  uncouples  the  system. Thus, the  g e n e r a t i o n  
of f r e e  v i b r a t i o n  modes and  f requencies  cont inues  t o  be of 
g r e a t  i m p o r t a n c e  i n  the  s o l u t i o n  o f  t he  problems of the  
disp lacement  o r  mot ion   of   phys ica l   sys tems.  A s  a r e s u l t ,  
the  a u t h o r s  h a v e  r e s t r i c t e d  t h i s  p a p e r  t o  a p a r t i c u l a r l y  
d i f f i c u l t  ( a n d  u n s o l v e d  t o  the au thor ' s  knowledge)  but  con- 
s e r v a t i v e ,  s t a t i o n a r y  p r o b l e m :  the  f ree  v i b r a t i o n  modes and  
f r e q u e n c i e s  o f  a h e l i c o i d a l  she l l .  
A f a c t  which seems t o  have been overlooked,  possibly 
because o f  t h e  c o n c e p t s  a s s o c i a t e d  with the Rayleigh-Ritz  
method, i s  the accuracy  ob ta inab le  when power s e r i e s  are 
t aken  as t h e  "admissible" f u n c t i o n s .   I n  t h i s  paper,  Appendix 
I, and i n  o t h e r  work, t he  degree of  accuracy which can be  ob- 
t a i n e d  by d i r e c t  s o l u t i o n s  o f  the ene rgy  equa t ion  has been 
compared by t h e  a u t h o r s  t o  e x a c t  s o l u t i o n s  where a v a i l a b l e .  
I n  a l l  a p p l i c a t i o n s  ( p a r t i c l e s ,  r i g i d  b o d i e s ,  beams, p l a t e s ,  
and she l l s ) ,  when f i n i t e  t i m e  i n t e r v a l s  a n d  f i n i t e  s p a c e  
i n t e r v a l s  are properly employed,  t he  degree  of  accuracy  f a r  
s u r p a s s e d   e x p e c t a t i o n s .  The Ri tz   method,   in   every   case ,  con- 
v e r g e d  t o  the e x a c t  s o l u t i o n ,  f o r  t he  cons t r a in t s  a s sumed ,  
i n  t h e  same sense  tha t  any  number r e p r e s e n t i n g  the  s o l u t i o n  
t o  a t r a n s c e n d e n t a l  e q u a t i o n  c a n  be c o n s i d e r e d  t o  be e x a c t .  
The r e s u l t s  o f  t h e s e  e n d e a v o r s  a l l  i n d i c a t e  t h a t  the  idea of 
"approximat ion"  assoc ia ted  w i t h  the Rayleigh concept  should 
n o t  be a s s o c i a t e d  w i t h  the R i t z  method. 
A s  men t ioned  above ,  t h i s  s tudy  i s  r e s t r i c t e d  t o  t h e  
s t a t iona ry   p rob lem  o f   s imp le   ha rmon ic   v ib ra t ions .  For t he  
h e l i c o i d a l  she l l ,  t h e  d isp lacement  f i e l d  i s  completely des- 
c r i b e d  by the  d isp lacements  u, v,  and w ,  a l l  th ree  of  which  
are func t ions  o f  t h e  o r t h o g o n a l  s u r f a c e  c o o r d i n a t e s  x and y .  
I n  the  l i m i t i n g  c a s e  o f  t he  f l a t  p l a t e ,  o n l y  w i s  cons idered ,  
where w i s  a f u n c t i o n  of t h e  r e c t a n g u l a r  i n p l a n e  c o o r d i n a t e s  
x and  y .   Inplane ( o r  membrane) v i b r a t i o n  f o r  t h e  f l a t  p l a t e  
w i l l  n o t  be  t rea ted ,  a l though  t h e  authors  have completed 
s u c h   s o l u t i o n s   f o r  t h e  r e c t a n g u l a r   c a n t i l e v e r   p l a t e  c21.  A s  
has been shown f o r  a completely f ree  e l l i p t i c a l  p l a t e  C71, 
and f o r  p l a t e s  w i t h  va r ious  o the r  boundary  cond i t ions  (Refs. 
[2] ,  C81, when power series are used the  R i t z  method y i e l d s  
v e r y  a c c u r a t e  mode shapes as well as a c c u r a t e  f r e q u e n c i e s .  
This work was s u p p o r t e d  i n  p a r t  by the  Department of 
Aeronau t i ca l  and  As t ronau t i ca l  Eng inee r ing ,  The Ohio S ta te  
U n i v e r s i t y ,  and i n  p a r t  by t h e  N A S A  Langley.Research Center  




Hamil ton 's  Law 
In  a t t empt ing  an  ene rgy  so lu t ion ,  i t  seems tha t  the 
a n a l y s t  i s  always confronted w i t h  which energy equat ion or 
theorem t o  u s e  as a s t a r t i n g  p o i n t .  One form  which  embodies 
a l l  o the r  ene rgy  equa t ions  o f  the mechan ics  o f  so l id s ,  i s  
tha t  e n u n c i a t e d  i n  1834 by S i r  William Rowan Hamilton [61 
and  ca l l ed  by him the  "Law of Varying  Action".  It i s  n o t  
the well known Hamil ton ' s   Pr inc ip le .   Indeed   Hami l ton ' s  
P r i n c i p l e  i s  a spec ia l  ca se  o f  Hami l ton ' s  Law ( throughout  
the  t ex t  Hami l ton ' s  Law w i l l  r e f e r  t o  the Law of  Varying 
Ac t ion ) .   Hami l ton ' s   P r inc ip l e  i s  u s u a l l y   w r i t t e n  [SI as, 
6 I ( T + W ) d t = O  
t 0  
where T i s  t h e  t o t a l  k i n e t i c  e n e r g y  o f  t h e  sys tem and W i s  
t h e  t o t a l  work o f  f o r c e s  a c t i n g  on or w i t h i n  t h e  s y s t e m .  
Hamil ton 's  Law, which i s  much more g e n e r a l  [SI ,  i s  expressed  
as , 
I n  the  v a r i a t i o n a l  c a l c u l u s ,  a s t a t i o n a r y  s o l u t i o n  i s ,  by 
d e f i n i t i o n ,  a s o l u t i o n  o f  a g iven  sys tem for  which  
aT t l  
a c l i  - 6qi 1 = 0. Eq. ( 2 ) ,  which   r educes   t o  Eq. (1) f o r  
s t a t iona ry  mot ion ,  app l i e s  t o  non- s t a t iona ry  mot ion  as well  
[SI .  No matter what t he   mo t ion  i s ,  Eq. ( 2 )  w i l l  y i e l d  e i t h e r  
a d i r e c t  s o l u t i o n  (as i n  th i s  p a p e r )  o r  t he  d i f f e r e n t i a l  
equa t ions  o f  t h e  system. 
Strain-Displacement  Equat ions 
It i s  assumed t h a t  the  m a t e r i a l  o f  the  s h e l l  i s  i s o t r o p i c  
and  obeys a l i n e a r   s t r e s s - s t r a i n   r e l a t i o n s h i p .   I n   a d d i t i o n ,  
it is  assumed tha t  t h e  o s c i l l a t i o n s  c a u s e  i n f i n i t e s i m a l  dis- 
placements which can be d e s c r i b e d  by a se t  of  l i n e a r  s t r a i n -  
d i s p l a c e m e n t   r e l a t i o n s .  These s t r a i n - d i s p l a c e m e n t   r e l a t i o n s  
come about  as a r e s u l t  o f  c o n s i d e r i n g  the  deformat ion  of  the 
p 
midd le   su r f ace .  The add i t iona l   a s sumpt ion   t ha t   no rma l s  to 
t h e  middle sur face  remain  normal  throughout  the  defopmat ion  
process ,  a lways made i n  t h i n  s h e l l  t h e o r y ,  t h e n  l o c a t e s  a l l  
o t h e r  p o i n t s  i n  t h e  body r e l a t i v e  t o  the middle s u r f a c e .  
S i n c e  d i f f e r e n t i a l  g e o m e t r y  is  n o t  t h e  t o p i c  of t h i s  paper 
the  a u t h o r s  w i l l  mere ly  res ta te  the l i n e a r  s t r a i n -  
d i s p l a c e m e n t  r e l a t i o n s  f o r  t h i n  shells g iven  by Novozhilov 
ClOl 
For any point  on t h e  s u r f a c e  of a r i g h t  c i r c u l a r  c y l i n d e r ,  
where x i s  t h e  a x i s  of  the cy l inde r  and  y i s  the  circumfer-  
e n t i a l  a n g l e  m e a s u r e d  f r o m  t h e  v e r t i c a l  ( c l o c k w i s e  p o s i t i v e ,  
see F ig .  3 ) ,  t h e  f o l l o w i n g  g e o m e t r i c a l  r e l a t i o n s  a r e  t r u e :  
R, = 03 
Ry = R = cons tan t  
A = l  
B = R = c o n s t a n t  
4 
"""" a A  - a A  - a B  - a B  - -(Rx) a = =(RX) a = a y ( R y )  a E =(Ry)  a = ay ax ay ax ay ( 4 )  
where R i s  t h e  radius of  t h e  c y l i n d e r .  With t h e s e  s i m p l i f i -  
c a t i o n s  Eq.  ( 3 )  becomes, 
- - av 1 a i i  




= - 2 a w + "  2 a 7  
R axay R ax 
The t o t a l  s t r a i n  o f  a n y  p o i n t  i n  t h e  body i s  given by, 
- 
ey - + z Ky - 
where z i s  the  d i s t a n c e  f r o m  t h e  middle s u r f a c e .  Fo r  t h e  
p l a n e  stress problem ( t h a t  i s  o z  i s  n e g l i g i b l e ,  t h i n  s h e l l  
assumption)  the  stress a t  a n y  p o i n t  i n  t h e  body i s  given by,  
- E  (ex + v FYI - 
Ox - m 
5 
Work 
For an  e l a s t i c  body ,  t he  work ,  W,  i s  t h a t  due t o  the 
i n t e r n a l  e l a s t i c  r e s t o r i n g  f o r c e s ,  the i n t e r n a l  o r  "body" 
f o r c e s ,  a n d  t h e  e x t e r n a l  or s u r f a c e  f o r c e s :  
W = - l l l ( T x  + ay ey+Oxy e X y )  R dx dy dz  " - 
T a k i n g  t h e  v a r i a t i o n  of Eq. ( 8 )  wi th  r e s p e c t  t o  t h e  d i s p l a c e -  
m e n t s  ( a s  i n  t h e  p r i n c i p l e  of  v i r t u a l  work )  y i e lds ,  
- - - - 
BW = - l r r ( T x  Be, + cry Bey + oxy 6exy) R dx dy dz - 
Kinetic Energy 
R o t a r y  i n e r t i a  is  n e g l i g i b l e  f o r  t h i n  p l a t e  and t h i n  s h e l l  
v i b r a t i o n s ,  t h u s ,  n e g l e c t i n g  r o t a r y  i n e r t i a ,  the t o t a l  
k i n e t i c  e n e r g y  i s ,  
and 
T a k i n g  t h e  v a r i a t i o n  o f  E q .  (10) and s u b s t r a c t i n g  E q .  (11) 
in Hamil ton 's  Law, 
6 
I n t e g r a t i n g  the  first term on the  r i g h t  hand side o f  Eq. ( 1 2 )  
by p a r t s  w i t h  r e s p e c t  t o  time y i e l d s ,  
Eneryg  Equation 
S u b s t i t u t i n g   E q s .  ( 9 )  and ( 1 3 )  i n t o  Eq. (12), the  energy 
equat ion   (Hami l ton’s  Law) becomes, 
7 
Eq. ( 1 4 )  a p p l i e s  to non-s t a t iona ry  as well as s t a t i o n a r y  
mot ion .   For   the   case  of n o   e x t e r n a l ' f o r c e s   a c t i n g ,  assume 
simple harmonic motion (s in  ut  o r  cos  u t  o r  eiwt w i l l  a l l  
y i e l d  e x a c t l y  t h e  same r e s u l t  i n  t h i s  s t a t i o . n a r y  p r o b l e m )  
K(x ,y , t )  = u(x ,y)   cos  u t  
v ( x , y , t )  = v(x ,y)   cos  ut 
w(x ,y , t )  = w(x,y)   cos  ut (15 )  
- 
- 
Since  the  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  are 1Snear  and the 
body i s  e l a s t i c  ( t h u s  T x ( x , y , t )  = o,<x,y)cos u t ,  e , (x ,y , t )  = 
e x ( x , y j c o s  u t ,  and likewise f o r  TY 
becomes,  upon s u b s t i t u t i o n  o f  Eq. ?1"5:' 
- 
"e x y > ,  Eq. (14) 
t l  
/ cos2ut  d t  = 0 
S ince  the  i n t e g r a l  on time i n  Eq. ( 1 6 )  does  no t  van i sh  fo r  
any t l  g r e a t e r  t h a n  to, one  must  have, 
Eq. (17) i s  the familiar equat ion   of  the p r i n c i p l e  of minimum 
po ten t i a l  ene rgy  wh ich  i s  a p p l i c a b l e  o n l y  t o  s t a t i o n a r y  s y s t e m s .  
If t h e  s t r u c t u r e  i s  symmetric  about t he  middle s u r f a c e ,  t h e  
n e u t r a l   s u r f a c e   a n d  middle  s u r f a c e  are  c o i n c i d e n t .  Assuming 
such i s  the  case ,  upon s u b s t i t u t i o n  o f  Eqs. ( 6 )  and ( 7 1 ,  Eq. 
( 1 7 )  becomes, 
a 
+ (Ky + v Kx)6Ky + - (I-') Kxy BKxy 1 ]R dy dx = 0 (18)  2 
L e t  C = Eh/( l -v2)  and D = Eh3/12( l -v2 ) .   Subs t i t u t ion  of 
Eq. ( 5 )  i n t o  Eq. (18)  y i e l d s   t h r e e   c o u p l e d   e q u a t i o n s  i n  u ,  v ,  
and w. 
and , 
y1 c ( I - v )  I I rR 7 uy  6vx + v ux  6vy) 
x0 Y O  
+ c(& vy Bvy + 0 vx Bvx) 
2 
+ 7(7 vy 6vy + 2(1-v)vx 6 V X )  D l  R R  
9 
and, 
x0  yo 
Coordina te  Transformat ion  
If the  c y l i n d e r  i n  F i g .  3 i s  c u t  a l o n g  y = T and  develo- 
ped i n  t h e  p l a n e  ( F i g .  4 ) ,  the  r e l a t i o n s  b e t w e e n  x and y and 
t h e  skewed c o o r d i n a t e s   c a n   r e a d i l y  b e  seen .  They are,  
RF= R y  - x t a n  a 
From the c a l c u l u s ,  
S u b s t i t u t i n g  E q .  ( 2 2 )  i n t o  Eq.  (231,  
10 
a 1 a tan a' a 
ax cos  a ar R a, -=" 
a 2  1 a 2  tana a 2  
axay - c o s  a a-jay R F  """
dx  dy = COS (Y d r  d{ 
Make  the  following non-dimensionalizations, 
where y is the half-angle  at 5 
(see  Fig. 4). Substitution of 
a =  1 " a 
ax R COS a E  
= 0, and R is the slant length 
Eq. (25) into Eq. (24) yields, 
dx  dy = Rycosa de dn 
Case o f  the  Paralle ' log.ram 
When the  p r o j e c t i o n  o f  the o p e n  c i r c u l a r  s h e l l  i n  Fig.  
4 i s  a p a r a l l e l o g r a m  (a h e l i c o i d a l  s h e l l ) ,  t h e  fo rego ing  
c o o r d i n a t e  t r a n s f o r m a t i o n  w i l l  y i e l d  c o n s t a n t  limits on the 
i n t e g r a l s  i n  the ene rgy  equa t ions  [Eqs.  (19) - ( 2 1 ) ]  and  thus  
f a c i l i t a t e  exact i n t e g r a t i o n .  Assuming a h e l i c o i d a l  s h e l l  
w i t h  c o n s t a n t  t h i c k n e s s  h,  the  f o l l o w i n g  e q u a t i o n s  r e s u l t  
f r o m   s u b s t i t u t i n g  Eq. ( 2 6 )  i n t o  Eqs. (19)-(21), 
1 1  
-1 0 
I I { [us 6us + ( s i n 2 a  + - (l-")cos2a) ( R / R y )  2u,., Su, 2 
- s i n a  (E/Ry)(u, Sue + us S u n ) ]  + ( a / R y ) -  
- (R/R)(R/Ry) v cos a s i n  a w 6u,I 
12 
- (//R.y)(slnu )(cosu)l&jd uq 8vq] 
+ [1 + (h/R)2/12] [ ( R C O S  u / R Y ) ~  vq Uv,,] 
+ [1 + (h/R)2/3] [ ( h i n d  /Ry) 2 vq 6vV 
+ 2 62 - ( !s in  a /Ry)( vT 8v + 2 bvq )] e 
+ [(leos a /R)2 L W 6vv] - [(h/R)2/12y] 
Y 
- 2[//Ry) s l n a  w 8vq + 2(1 -v )  n 
- 2( l-v)(R/Ry) s lna  w,,., 6vc] 
0 5'17 Bt 
13 
I 
[(,!/Ry)2(1 + (1 -v )a ln  u) v, 8wqq + v v, 2 
14 
For the l i m i t i n g  c a s e  of t h e  f l a t  p l a t e  i n  b e n d i n g ,  Eq. (29) 
reduces  to the fo l lowing;  
+ [2(1-v)cos2a  + 4 sin2a)(R/b)2.(ws, ,  6ws,,) 
- 2(R/b)j s i n a  (w,,,, bwg,, + we,, bw,,,,) 
w h e r e  R i s  t h e  s l a n t  l e n g t h  of t h e  p l a t e  a n d  b i s  t h e  half- 
wid th  ( s e e   F i g .  2 ) .  
. .  
CHAPTER IT. . 
SOLUTIONS 
Bo'u'ridary Con'd5l,i'o'ns 
A s  i s  well known 121, one need only satisfy geometr ic  
boundary  cond i t ions  whenus ing  the Ritz  method w i t h  d i s -  
placement   energy  equat ions.  For a can t i l eve r   boundary ,  the  
geometr ic  boundary  condi t ions  are, 
u = 0 a t  x = 0 f o r  a l l  y 
v = 0 a t  x = 0 f o r  a l l  y 
w = 0 a t  x = 0 f o r  a l l  y 
wx = 0 a t  x = 0 f o r  a l l  y (31) 
From E q s .  ( 2 2 )  and  (25) i t  fo l lows  tha t  x = 0 implies 5 = 0. 
Eq. ( 2 6 )  and the  las t  of Eq. (31) g i v e s ,  
f o r  a l l  y and T-I 
wx -  - 1  " t ana Rcosa wc R wY = O a t x = S = O  
f o r  a l l  y (32 )  
But s i n c e  w = 0 a t  x = 0 f o r  a l l  y ,  wy = 0 a t  x = 0 f o r  a l l  
y as a r e s u l t .  Thus i n  terms of  t h e  skewed c o o r d i n a t e s  5 
and TI, E q s .  (31) and (32 )  become, 
u = O a t S = O  
v = O a t S = O  
w S = O a t 5 = 0  (33) 
1 6  
Assumed Funct ions  
Using the concepts  set  f o r t h  i n  R e f .  C151, d i r e c t  s o l u -  
t i o n s  t o  c o n s e r v a t i v e ,  n o n - c o n s e r v a t i v e ,  s t a t i o n a r y ,  a n d  
n o n - s t a t i o n a r y  s y s t e m s  o f  p a r t i c l e s ,  . r i g i d  b o d i e s ,  beams, 
p l a t e s ,  and  she l l s  have  been  ob ta ined  wf th  no th ing  more t h a n  
power series i n  Eq. ( 2 ) .  It has b e e n   t h e   a u t h o r ' s   e x p e r i e n c e  
t h a t  t h e y  a l s o  g i v e '  more accura te  answers  than  beam f u n c t i o n s  
f o r  p l a t e  a n d  s h e l l  v i b r a t i o n  p r o b l e m s  (beam f u n c t i o n s  p l a c e  
unnecessa ry  cons t r a in - t s  on - h i g h e r  d e r i v a t i v e s  a t  p l a t e  a n d  
s h e l l  b o u n d a r i e s  for some boundary  condi t ions) .  : - L- 
The geometr ic  boundary  condi t ions . .  [Eq.. ( 3 3 )  1 d i c t a t e  t he  
following double power ser ies .  
N M  
v = C B:: <i+l ,,j 
i = O  j=O I -J  
Eigenvalue Equat ions 
where BABE,  6Bkg,  and 6CkR are arbi t rary q u a n t i t i e s   ( o r  
"va r i a t ions" ) ,  wh ich  may-be  f ac to red  ou t  Of Eqs. ( 2 7 ) - ( 3 0 ) .  
17 
The H e l i c o i d a l  S h e l l  
Upon s u b s t i t u t i o n  o f  Eqs ,   (34)   and   (35)   in to  E q s .  (27 ) -  
( 2 9 ) ,  t h e  f o l l o w i n g  c o u p l e d  a l g e b r a i c  e q u a t i o n s  r e s u l t ;  
R = O , l . , . , M  ( 38 )  
FOP a non-trivial  solution, the determinant of the  coefficient  mtrix must 
vanish. 
18 
The Skewed Plate  
The l i m i t i n g  c a s e  o f  the f l a t  p l a t e  i n  b e n d i n g ,  u s i n g  
Eqs.  ( 3 4 1 ,  (351, and (301, y i e l d s  the fo l lowing   e igenva lue  
equa t ion  : 
N M  
f o r  K = 0,1,2, ..., N 
R = 0,1,2 ,,.., M (40 )  
or i n  m a t r i x  f o r m ,  
K B i j k a  i s  g i v e n   i n  Appendix 11. Eq .  ( 4 1 )  i s  a se t  o f  ( N + 1 )  X 
(M+1) a l g e b r a i c  e q u a t i o n s  i n  t h e  ( N + 1 )  X (M+l) + 1 unknown 
C i J ' S  and X 2 ( ~ w 2 ( p h / D ) k 4 ~ o s 4 a ) .   A g a i n ,   t o   h a v e  a n o n - t r i v i a l  
s o l u t i o n ,  t ge  determinant   of  the  c o e f f i c i e n t  m a t r i x  i n  Eq. (41) 
must vanish.  
CHAPTER 111. . 
RESULTS 
The Skewed Plate 
For  the sake. o f  comple teness  ( s ince  the f l a t  plate i s  
the  l i m i t i n g  c a s e  o f  the  h e l i c o i d a l  ' shel l  be ing  cons idered)  
and  due t o  the r e l a t i v e l y  small amount o f  a t t e n t i o n  g i v e n  
the Skewed c a n t i l e v e r  p la te  i n  the l i t e r a t u r e ,  p la te  eigen- 
values  and mode shapes f o r  v a r i o u s  a s p e c t  r a t i o s  a n d  skew 
a n g l e s  w i l l  be presented.   Comparisons  of  t he  p r e s e n t   s o l u -  
t i o n  w i t h  o t h e r  a n a l y t i c a l  a n d  e x p e r i m e n t a l  r e s u l t s  w i l l  be 
g i v e n  f o r  the skewed plate .  
F o u r   a s p e c t   r a t i o s  ( A R  = R/2b) are cons idered:   0 .5 ,  1.0, 
2 . 0 ,  4 . 0 .   P o i s s o n ' s   r a t i o  i s  se t  t o  a nominal   value  of  0.3 
f o r  a l l  p la te  c a l c u l a t i o n s .  Also a i s  r e s t r i c t e d  t o  Oo, 15O, 
30°,  and 45O. Permissible ranges  are 0 < AA < 01 and Oo < a <  goo. 
The au thors   have  made u n v e r i f i e d  c a l c u l a t i o n s  f o r  a up 50 85O 
w i t h o u t   a n y   d i f f i c u l t y .  However, t h o s e   r e s u l t s  w i l l  no t  be  
i n c l u d e d  s i n c e  t h e  h e l i c o i d a l  s h e l l  data was r e s t r i c t e d  t o  
O O < a -  < 45O. The va lues  chosen  fo r  AR and a y i e l d  1 6  p o s s i b l e  
parameter combinat ions.  A l l  c a l c u l a t i o n s   u s e d  a 35 term double 
power series f o r  w. No loss of  numer ica l   accuracy  ( 1 6  p l a c e  
a r i t h m e t i c  was used )  was a p p a r e n t  f o r  the 35 x 35 mat r ix  e igen-  
value  problem. A s  a i n c r e a s e s ,  the  coupl ing  between odd  and 
even TI terms i n c r e a s e s ,  c a u s i n g  t h e  computation  of the eigen-  
va lues  t o  take l o n g e r .  The t o t a l  c o s t  o f  the  1 6  e igenvalue  
problems was $20.00  on t h e  IBM 370 d i g i t a l  computer.  Conver- 
gence curves w i l l  n o t  be g iven  s ince  on ly  the  5 lowest  modes 
o f   each  parameter combination w i l l  be given.  For  35 terms, 
t h e  5 lowest  modes are converged  ( throughout  the  t e x t  the word 
"converged"  means that  less than  0 .5% change  occur red  in  t he  
e igenva lues  when a d d i t i o n a l  terms were taken i n  the  double 
power ser ies) .  
Table  1 c o n t a i n s  the 5 lowes t  e igenva lues  fo r  a l l  1 6  
. parameter combinat ions.   For  the data g i v e n  i n  Table  1, eigen-  
va lue  curves  may be p l o t t e d  v e r s u s  a, s i n c e  the  e igenva lues  
are con t inuous   func t ions   o f  a. P l o t s  of the  e igenva lues   ve r sus  
a f o r  AR = 0.5 ,  1.0, 2.0, and 4 .0  appear i n  F i g s .  5 ,  6 ,  7,  and 
8 r e s p e c t i v e l y .   F o r  AR = 0 . 5  and 4 . 0  ( F i g s .  5 and   8)  no mode 
c ross ing  can  be d e t e c t e d   f o r  Oo < a - < 45O a l though  noda l  
p a t t e r n s  are al+,ered w i t h  i n c r e a s i n g  a (see F i g s .  9 ,  1 0 ,  11, 
and 1 2 ) .  For AR = 1 . 0 ,  Fig.  6 shows t h e  3rd  and 4 t h  mode 
shapes r e v e r s i n g  t he i r  o r d e r  a t  v e r y ' n e a r l y  a = 32O. Also 
the 5 t h  and   6 th  mode shapes r e v e r s e  p o s i t i o n  a t  a = 38O. Thus 
one  frequency  must  generate 2 independent  mode shapes a t  p o i n t s  
of i n t e r s e c t i o n  o f  2 curves  ( i . e . ,  a t  some p r e c i s e  a v a l u e ) .  
These  r eve r sa l s  o f  p o s i t i o n  i n  the frequency spectrum of  a 
g iven  mode shape can be e v i d e n c e d  i n  the w n o d a l  p a t t e r n s  
(F igs .  9-12).  For AR = 2.0 on ly  the 5 th   and   6 th  mode shapes 
c r o s s   ( n e a r l y  a t  a = 4 1 O ) .  A s  a s p e c t   r a t i o   i n c r e a s e s ,  a given 
20  
n o d a l  p a t t e r n  may d r a s t i c a l l y  c h a n g e  i t s  p o s i t i o n  i n  the  
frequency  spectrum (see Figs'.  9-12). T h i s  i s  due to the 
f a c t  that .as .AR d e c r e a s e s  t h e  r e l a t i v e  l o n g i t u d i n a l  s t i f f -  
n e s s  i n c r e a s e s ,  t h u s  c a u s i n g  more of the lower modes t o  have 
l o n g i t u d i n a l  n o d a l  l i n e s .  
Tables 2 and 3 contain comparisons of these power 
series r e s ' u l t s  to e x p e r i m e n t a l  a n d  o t h e r  a n a l y t i c a l  r e s u l t s .  
A s p e c t  r a t i o  i s  1.0 i n  b o t h  tables.  
a = 30° (Table 2) 
Column 1 c o n t a i n s  e x p e r i m e n t a l  r e s u l t s  f r o m  R e f e r e n c e s  
[ll] and [12]. Column 2 c o n t a i n s  the  a u t h o r s '   d i r e . c t   s o l u -  
t i o n .  Column 3 has a n a l y t i c a l   r e s u l t s   d u e  t o  Claassen  [13],  
who used 18 beam f u n c t i o n s  i n  a R i t z  ana lys i s .  No te  that  
C l a a s s e n ' s  r e s u l t s  are a l l  higher  t h a n  the  a u t h o r ' s  d i r e c t  
s o l u t i o n .   S i n c e  the  R i t z  method y i e l d s  upper  bounds, the  
a u t h o r ' s  numbers are more converged than Claassen 's  [13]  re- 
s u l t s .  Column 4 , c o n t a i n s   e x p e r i m e n t a l   r e s u l t s   g i v e n   i n  
Reference C141. The agreement   between  analysis   and  experi-  
ment i s  ve ry  good c o n s i d e r i n g  that  i n  some i n s t a n c e s ,  shakers 
were u s e d  t o  e x c i t e  the p la te  (shaker p o s i t i o n  c a n  drasti- 
c a l l y  a f f e c t  mode shapes and t h u s  n o d a l  p a t t e r n s ,  as evidenced 
i n  Ref. [14]). 
a = 45O (Table 3)  
Columns 1, 2 ,  and 4 are t h e  same as i n  Tab le  2.  Column 
3 c o n t a i n s  a n a l y t i c a l  r e s u l t s  o b t a i n e d  u s i n g  R e i s s n e r ' s  
theorem C151. I n  l i g h t  of t h e  expe r imen ta l  data i n  Columns 
1 and 4 ,  and the  well converged ( less  than  0 .5% e r ro r )  ana ly -  
t i c a l  r e s u l t s  i n  Column 2 ,  some o f  t he  r e s u l t s  i n  Column 3 
are upper  bounds  and some are lower  bounds.  Again the  
a n a l y t i c a l  r e s u l t s  i n  Column 2 agree f avorab ly  w i t h  t h e  expe r i -  
m e n t a l  r e s u l t s .  
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'' THE' HELICOIDAL SHELL 
S ince  ' there  i s  no data 'for comparison t o  t h e  c a n t i l e v e r  
h e l i c o i d a l  shell, convergence of- t he '  e igenva lues  must b e .  
checked t o  e s t ab l i sh  t h e i r  v a l i d i t y ' .  in' choosing the  three 
double  power series,  no  p re fe rence  i s  made f o r  u ,  v ,  or  w. 
A l l  three double power series are g iven  the same  number  and 
degree terms. For  large a s p e c t  r a t i o  h igher  o r d e r  5 terms 
are needed, whereas f o r  smaller a s p e c t  r a t i o s  higher  o r d e r  
terms are needed. 16 p l a c e   a r i t h m e t i c  i s  used  throughout  
t h e   c a l c u l a t i o n s ,   F o r  t h e  largest  number of  terms t aken  ( 3 0  
terms i n , e a c h  s e r i e s ;  a 9 0  x 90 mat r ix  e igenva lue  problem) 
no loss of  accuracy  was noted .  
First a simple d o n f i g u r a t i o n  ( R / R  = 0 . 2 ,  h/R = 0.01, 
a = Oo, and y = 0 . 1  rad) was checked.  For t he  h e l i c o i d a l  
s h e l l  a s p e c t  r a t i o '  i s  AR = L/2Ry. I n  th i s  p a r t i c u l a r  c a s e  
AR = 1 . 0 .  Convergence   curves   for  the f i r s t  5 e igenva lues  
appear i n  F ig .  13.  The f i rs t  4 modes? are converged a f t e r  
only 16 terms ( 4 8  x 48 mat r ix)  and  a l l  5 are converged a t  24 
terms ( 7 2  x 72  mat r ix) .   Next ,  the  same s h e l l  w i t h  a = 4 5 O  
was checked. The convergence  curves are g i v e n   i n  F ig .  1 4 .  
For 24  terms a l l  5 e igenva lues  are v e r y  c l o s e  ( w i t h i n  1 .5%) 
to the  converged  numbers  of 30  terms. As a l a s t  example,  an 
a s p e c t  r a t i o  4 .0  she l l  ( E / R  = 0.8,  h / R  = 0.01, a = 15O and 
y = 0 . 1  rad) was checked.  Convergence  curves are shown i n  
Fig.  15. Again 2 4  terms y i e l d  r e s u l t s  w i t h i n  2% of t h e  con- 
verged  numbers  of 30 terms. Convergence  of  other  examples,  
such as small a s p e c t  r a t i o  ( large y) ,  have beemchecked but  
w i l l  no t  be i n c l u d e d ,  s i n c e  the  r e s u l t s  are v i r t u a l l y  the  
same as t h e  three cases   p re sen ted .  O f  course  i t  would be 
desirable to run  a l l  cases  wi th  30 terms t o  assure  converged 
numbers.  For a 24  term r u n  ( 7 2  x 7 2  m a t r i x ) ,  the average 
cos t   on  the  IBM 3 7 0  d i g i t a l  computer was $10.00.  Thus, as 
a matter o f  economy,  and i n  o r d e r  t o  p r e s e n t  t he  widest range 
of  data p o s s i b l e ,  a l l  r e s u l t s  p r e s e n t e d  w i l l  be f o r  24 o r  25 
terms. A s  has been shown, t h e  e i g e n v a l u e s   f o r  2 4  terms are 
w i t h i n  2 %  o f  the converged numbers of 3 0  terms. 
The geometr ic  parameters are R/R, h /R ,  a and y. P o i s s o n ' s  
r a t i o  was se t  t o  a nominal  value of  0 .3  f o r  a l l  c a l c u l a t i o n s .  
F o r  t h i n  s h e l l  t heo ry  h /R  i s  u s u a l l y  t a k e n  i n  the range 
O<h/R<0.05. Th i s  i s  i n   k e e p i n g  w i t h  t h e  approximations made 
i n  the d e r i v a t i o n  o f  the t h i n  s h e l l  e q u a t i o n s .  I n  t h i s  paper 
only h /R  i n  the range 0.005<h/R<0.05 w i l l  be cons idered .  
Also a w i l l  be r e s t r i c t e d  to O < ; < I T / ~  and y t o  0 . 1  rad (y<O.7 
rad. Permissible r a n g e s   f o r  Q and y are of   course O ~ a 5 1 ~ 7 2  
" 
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and 0 < y - < IT. The permissible r a n g e  f o r  a /R i s  0 < R/R < -. 
B u t  a g a i n ,  i n  o r d e r  t o  limit the  enormous  amount  of p o s s i b l e  
parameter  combinat ions,  R/R i s  t a k e n  i n  t he  range 0.1<R/R<0.8. 
I n  o r d e r  t o  o B s e r v e . t h e  e f f e c t s  o f  a g iven  parameter ,  a l l -  
o the r  pa rame te r s  are  f i x e d  a t  va lues   which   could   represent  a 
t y p i c a l  she l l .  
- 
E f f e c t  of h/R 
For' ..a = OO'; %/R '= .0.'2;. y =' 0 .  1 rad 
The a s p e c t  r a t i o  f o r  t h i s  case  is  1.0, For small R / h  
(=  20) ,  t he  p r imar i ly  bend ing  modes (denoted by B 1 ,   B 2 , . * . )  
h a v e   r e l a t i v e l y   h i g h   f r e q u e n c i e s .  Also one  encounters prima- 
r i l y  membrane  modes (denoted by MI, M2, ...) much ear l ie r  i n  
the  spectrum.  But as R / h  i n c r e a s e s ,  t h e  f r e q u e n c i e s   o f  the  
p r imar i ly  bend ing  modes d e c r e a s e s  r a p i d l y  (see F ig .  16). 
Since  the  f r e q u e n c i e s  o f  the p r i m a r i l y  membrane  modes change 
v e r y  l i t t l e  w i t h  R / h ,  they  appear  l a t e r  and l a t e r  i n  the  
spectrum due t o  t h e  r a p i d  dec rease  in  the  bend ing  mode eigen-  
va lues .  
For - ." CY = 3 0 ° ,  R/R = 0 . 2 ;  y = 0 . 1  r a d  
The t r e n d  o f  t h e  e i g e n v a l u e s  v e r s u s  R / h  remains t h e  same 
w i t h  t h i s  change i n  a (see Fig .  1 7 ) .  The e i g e n v a l u e   f o r   t h e  
M1 mode i s  c o n s i s t a n t l y  l o w e r  f o r  a = 30° t h a n  f o r  a = O o .  
Also t h e  e i g e n v a l u e s  f o r  B4 and B5 are c o n s i s t a n t l y  l o w e r  f o r  
a = 30° t h a n  f o r  a = Oo. For a = 30° ,  modes B3 and B4 are  
v e r y  c l o s e  i n  f r e q u e n c y  v e r s u s  R / h ,  a l t h o u g h  t h e  mode shapes 
d i f f e r  c o n s i d e r a b l y .  
Ef fec t   o f  a 
For R/R = 0 . 2 ;  h / R  = 0 . 0 1 ;  y = 0 . 1  rad 
The a s p e c t  r a t i o  i s  1.0. Table 4 c o n t a i n s  the  f i r s t  5 
e i g e n v a l u e s   f o r  a = Oo, 1 5 O ,  30°, and 4 5 O .  Also inc luded  are 
t h e  r e l a t i v e  amounts  of  bending  s t ra in  energy  and  membrane 
s t r a i n   e n e r g y ,   a n d   t h e   g e n e r a l i z e d  mass. The e i g e n f u n c t i o n s  
were no rma l i zed  in  such  a way a s  t o  make the  g e n e r a l i z e d  mass 
be between 1 . 0  and 10.0., The g e n e r a l i z e d  s t i f f n e s s  ( t o t a l  
s t r a i n   e n e r g y )  i s  t h e n  A s  X g e n e r a l i z e d  mass. The g e n e r a l i z e d  
mass and s t i f f n e s s  would be  used i n  c a l c u l a t i n g  t r a n s i e n t  
motion  of the s h e l l  by  the  normal   coord ina te   t echnique .  If a 
mode has more t h a n  60% o f  the s t r a i n  e n e r g y  d u e  t o  membrane 
energy,  i t  i s  cons idered  a p r i m a r i l y  membrane  mode, denoted by 
M. I f - m o r e   t h a n  
it i s  cons ide red  
60% o f  t h e - s t r a i n  e n e r g y  i s  due to bending, 
a p r i m a r i l y  bending mode, denoted by B. 
If n e i t h e r  i s  more than 60%, the mode i s  denoted by B-M o r  
M-B, .the first l e t t e r  i n d i c a t i n g  w h i c h  i s  greater i n  magni- 
tude .   E igenvalues  w i l l  n o t  be grap.hed v e r s u s  t he  remaining 
geometr ic   parameters .  This  fs  because mode shapes  and fre- 
quen .c i e s  change  r ap id ly  and . i t  becomes v e r y  d i f f i c u l t  t o  draw 
c u r v e s   f o r  t he  5 lowes t  modes. Rather, t he  5 lowest   e igen-  
v a l u e s  w i l l  Be g i v e n  i n  t a b u l a r  f o r m  a l o n g  wi th  figures 
showing t h e  w n o d a l  p a t t e r n s .  F o r  the p r e s e n t  c a s e ,  w nodal  
p a t t e r n s  appear i n  F i g .  16.  T h e . 1 s t - a n d  2nd mode shapes can 
be e a s i l y   f o l l o w e d   v e r s u s  a. The 3 r d ' a n d  4 t h  modes,  however, 
c ross   be tween a = 30° and 45O. Also between 30° and 45O, a 
bending mode c r o s s e s  a membrane mode (5th mode) .  
For  L/R = 0.8; h/R = 0.01; y = 0 . 1  rad 
The a s p e c t  r a t i o  i s  4 . 0 .  E igenvalues   and   energy   percent -  
ages are g i v e n   i n   T a b l e   5 .   I n  F ig .  19 t he  f i r s t  3 modes can 
eas i ly  be fo l lowed  versus  a. However, t he  4 t h  and  5th modes 
are  d i f f i c u l t  t o  fo l low.  A t  a = 15O, the  4 t h  and  5th mode w 
n o d a l   p a t t e r n s  are v e r y   n e a r l y  t he  same. Yet, the r e l a t i v e  
magnitudes and/or shapes of  u and v may be e n t i r e l y  d i f f e r -  
e n t .  T h i s  f a c t  w i l l  be i l l u s t r a t e d   i n  a l a t e r  s e c t i o n .  After 
a = 15O, t h e  4 t h  and 5th modes seem t o  r e t a i n  t h e i r  p o s i t i o n  
i n  t h e  frequency spectrum. 
E f f e c t  of y 
For L/R = 0 . 8 ,  h /R = 0.01;  y = Oo 
The a s p e c t  r a t i o  v a r i e s  wi th  y (AR = L / 2 R y ) .  Eigenva1ue.s 
and s t r a i n  e n e r g y  p e r c e n t a g e s  are g i v e n  i n  Tab le  6.  w nodal  
p a t t e r n s  appear i n  F ig .  20 .  For  y = 0 . 1  rad, the  w noda l  
p a t t e r n s  are very  similar t o  t h o s e  f o r  t he  f l a t  p l a t e .  As y 
i n c r e a s e s ,  the  r e l a t i v e  l o n g i t u d i n a l  s t i f f n e s s  i n c r e a s e s  c a u s -  
i n g  two t h i n g s  t o  occur :  f i r s t ,  more l o n g i t u d i n a l  n o d e  l i n e s  
appear i n  the  lower  modes,  and  second, the  membrane e n e r g y  f o r  
, t he  lower modes i n c r e a s e s   c o n s i d e r a b l y .  It i s  a lmost   imposs ib le  
t o  fo l low a g i v e n  n o d a l  p a t t e r n  v e r s u s  y .  Although  one  or two 
def lec t ion  components  may have t h e  same ( o r  similar) nodal  
p a t t e r n s  f o r  d i f f e r e n t  n o d e s ,  t he  t h i r d  component may have a 
v e r y  d i f f e r e n t  n o d a l  p a t t e r n  f o r  t h e  two  modes. Th i s  i s  
i l l u s t r a t e d  by  modes 2 and 3 f o r  y = 0 . 7  rad, Even though the  
w n o d a l  p a t t e r n s  are d i f f e r e n t ,  u and v have similar nodal  
p a t t e r n s   ( s e e  F i g .  2 1 ) .  The r e l a t i v e   m a g n i t u d e s  of u ,   v ,   and 
w are  a l s o  similar f o r  the two  modes  hown i n  F i g .  2 1 .  Upon 
c l o s e  i n s p e c t i o n ,  a l t h o u g h  u and v n o d a l  l i n e s  are similar, 
t h e i r  p o s i t i o n i n g  i s  d i f f e r e n t .  
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For P,/R = 0.8; h /R = 0.01; a I- -30° 
Aspect r a t i o  v a r i e s  w i t h  y as noted   before .   E igenvalues  
and s t r a i n  e n e r g y  p e r c e n t a g e s  are g i v e n  f n  Table 7. w noda l  
p a t t e r n s  are shown f n  'Fig. 22,  Modes 1, 2,. and 3 'seem t o  
fo l low an  o rde r ly  p rogres s ion  f rom y = 0.1,  0.3, 0.5, to 0.7, 
w i t h  e a c h  i n c r e a s e  i n  y - b r i n g i n g  a n  a d d i t i o n a l  l o n g i t u d i n a l  n o d e  
l i n e .  A s  previously  ment ioned,  t h i s  i s  a r e s u l t  of t h e  rela- 
t i v e  i n c r e a s e  of t he  l o n g i t u d i n a l  s t i f f n e s s .  Modes 4 and 5 are 
d i f f i c u l t  to fo l low.  Mode 4 seems to fo l low the t r e n d  of i n -  
c r e a s i n g  number of l o n g i t u d i n a l  node l i n e s  wi th  i n c r e a s i n g  y .  
A t  y = 0.5 rad, modes. 4 and- 5 have similar w n o d a l  p a t t e r n s ;  
bu t ,  u and v n o d a l  p a t t e r n s  may be q u i t e  d i f f e r e n t .  
E f f e c t  o f  R/R 
Tor h/R = 0.01; Q = 0; 'y = 0 . 1  rad 
The a s p e c t  r a t i o  ( A R  = a / 2 R y )  v a r i e s  s i n c e  R/R v a r i e s .  
E igenva lues  and  s t r a in  ene rgy  pe rcen tages  are shown i n  T a b l e  
1 0 .  w n o d a l   p a t t e r n s   a r e  shown i n   F i g .   2 3 .   U n f o r t u n a t e l y ,  
Fig.   23 i s  somewhat d i s t o r t e d .  y i s  f i x e d  a t  0 . 1  rad,  s o  as 
R/R d e c r e a s e s ,  t he  l e n g t h  of the  p lanforms should  decrease .  
I n s t e a d ,  the  l eng th  o f  t h e  planform has been f ixed a t  one 
u n i t  and the  wid th  ( 2 y R / R )  t h u s  i n c r e a s e s  as a / R  d e c r e a s e s .  
Except  for  one membrane mode e a c h  i n  R/R = 0.8  and 0 . 4 ,  a l l  
o t h e r  modes  hown a r e  p r i m a r i l y  bending  modes. A s  AR de- 
c r e a s e s  ( R / R  d e c r e a s i n g ) ,  t h e  r e l a t i v e  l o n g i t u d i n a l  s t i f f -  
n e s s  i n c r e a s e s ,  w i t h  t he  r e s u l t  t ha t  more of t he  lower  modes 
have   l ong i tud ina l   node   l i nes .   No t i ce   t he  similari ty i n  
Fig.  23  and t h e  analogous f l a t  p l a t e  i n  F i g .  9 .  The w nodal  
p a t t e r n s  are  i d e n t i c a l  w i t h  the except ions  of  mode 5 f o r  
AR = 2 . 0  and modes 4 and 5 f o r  AR = 4 . 0 .  
Again the  a s p e c t  r a t i o  v a r i e s  w i t h  R/R. Eigenvalues   and 
s t r a i n  e n e r g y  p e r c e n t a g e s  are g i v e n  i n  Table  9 .  w nodal  
p a t t e r n s  are shown i n  F i g .  2 4 .  F ig .  24  has the same d i s t o r t -  
i o n s  as Fig.  23. The 1st and 2nd  modes can be  f o l l o w e d   e a s i l y  
as AR dec reases  ( R / R  d e c r e a s i n g ) .  A s  b e f o r e ,  more of t h e  lower 
modes h a v e   l o n g i t u d i n a l   n o d a l   l i n e s  as AR decreases .   Note  the  
s i m i l a r i t y  t o  t h e  f l a t  p l a t e   n o d a l   p a t t e r n s   ( F i g .  11). The 
r e a s o n  f o r  t h e  s i m i l a r i t y  i s  the  shal lowness  ( y  = 0 . 1  rad)  o f  
t h i s  p a r t i c u l a r  s h e l l .  
." . . . . 
CONCLUDING REMARKS 
F r e e  v i b r a t i o n  modes and  f requencies  have  been  presented  
f o r  b o t h  the  c a n t i l e v e r  skewed p l a t e  a n d  c a n t i l e v e r  h e l i c o i d a l  
s h e l l  w i t h  v a r i a t i o n s  of a l l  geometr ic   parameters .  From the  
conve rgence  cu rves  in  the  case  o f  t he  s h e l l ,  and  from  experi-  
m e n t a l  a n d  o t h e r  a n a l y t i c a l  r e s u l t s  i n  t h e  case  o f  the  p l a t e ,  
t h e  a u t h o r s  f ee l  t ha t  the r e s u l t s  are numerical ly  sound.  
The s h e l l  r e s u l t s  p o i n t  up the ser ious problems which 
c o n f r o n t   t h e   d e s i g n e r .  That  i s  the ques t ion   o f  what t h e  f i r s t  
few mode shapes   a r e .  It i s  i m p o s s i b l e   ( e s p e c i a l l y   f o r   l a r g e  y 
i n  t h e  c a s e  of t h e  s h e l l )  t o  g u e s s  a t  t he  mode s h a p e s  i n  o r d e r  
t o  g e t  a 1 o r  2 t e rm Ray le igh -Ri t z  so lu t ion  t ha t  w i l l  y i e l d  
any th ing   c lose  t o  t h e  t r u e   f u n d a m e n t a l   f r e q u e n c y .   I n   s h o r t ,  
a n t i c i p a t i n g  t h e  mode s h a p e s  o f  t h e  h e l i c o i d a l  s h e l l  i s  n o t  
f e a s i b l e .  A s  R / h  i n c r e a s e s ,   t h e   s p a c i n g   b e t w e e n   s h e l l   e i g e n -  
v a l u e s  r a p i d l y  d e c r e a s e s ,  c a u s i n g  mode e x c i t a t i o n ,  i d e n t i f i c a -  
t i o n ,  a n d  r e s o l u t i o n  t o  b e  v e r y  d i f f i c u l t  f o r  t h e  e x p e r i m e n t a -  
l i s t .  Also as a and y i n c r e a s e ,   n o d a l   p a t t e r n s   c h a n g e  drast i -  
c a l l y ,   t h u s   f u r t h e r i n g  the  problem  of mode i d e n t i f i c a t i o n .  A t  
some a va lues  two mode s h a p e s  e x i s t  f o r  one  f requency ,  for  bo th  
t h e  p l a t e  and s h e l l .  P o s i t i o n s  o f  g i v e n  n o d a l  p a t t e r n s  i n  t h e  
frequency spectrum are a l t e r e d  d r a s t i c a l l y  w i t h  c h a n g e s  i n  
a s p e c t  r a t i o  for the  p l a t e  a n d  s h e l l .  
It i s  f e l t  tha t  t h i s  p a p e r  r e p r e s e n t s  a t h i r d  s t e p  t o w a r d  
the  a n a l y t i c a l  s o l u t i o n  t o  t h e  f l u t t e r  of t h e  t h e r m a l l y  s t r e s s e d  
t u r b i n e  blade. The f i r s t  and  second  s teps  are r e p r e s e n t e d   i n  
Refs. 2 and 1 6  r e s p e c t i v e l y .  The t u r b i n e  b l ade ,  immersed i n  
a non- s t eady  f lu id  f low f i e l d  and a n o n - s t e a d y  s t r u c t u r a l  
a c c e l e r a t i o n  f i e l d ,  poses  a cha l l eng ing  p rob lem fo r  an  ana ly -  
t i c a l  s o l u t i o n .  The Ritz  method, when power s e r i e s  a r e  p r o -  
p e r l y  employed w i t h  f i n i t e  time i n t e r v a l s  a n d  f i n i t e  s p a c e  
i n t e r v a l s  i n  H a m i l t o n ' s  Law o f  Vary ing  Ac t ion ,  appea r s  t o  o f f e r  




COMPARISON TO EXACT  SOLUTIONS FOR SPHERICAL  CAPS 
AND THE  COMPLETE  CONICAL SKELL 
A l i t e r a t u r e  s e a r c h  was made inc lud ing  the_Appl i ed  
Mechanics  Reviews,  Index t o  C~ontemporary Acoust ical  Li terature  
pub l i shed  by the  Acoust ical  Society of-America,  a computer 
survey from N A S A  Langley Research Center,  and the NASA mono- 
g raphs ,  "Vib ra t ion  o f  Plates' ' and "Vibrat ion of She l l s "  by  
A.  W. Leissa [l], [17]. No e x a c t   s o l u t i o n   e x i s t s   f o r  the  
skewed c a n t i l e v e r  p l a t e  o r  f o r  the c a n t i l e v e r e d  h e l i c o i d a l  
s h e l l  [171. No n u m e r i c a l  r e s u l t s  from e i t h e r  c a l c u l a t i o n  o r  
experiment ,  were found i n  the  l i t e r a t u r e  on t h e  v i b r a t i o n  
modes and  f requencies  of  the c a n t i l e v e r e d  h e l i c o i d a l  she l l .  
However,  comparison  of c a l c u l a t i o n s  by t h e  a u t h o r s ,  u s i n g  power 
se r i e s ,  have  been  made t o  the  " e x a c t "  s o l u t i o n s  f o r  two o t h e r  
she l l  geometr ies  and  are  g iven  be low.  
The  Deep S p h e r i c a l  S h e l l  
The e x a c t  s o l u t i o n  f o r  t h e  d e e p  s p h e r i c a l  s h e l l  i s  g iven  
in   t e rms   o f   Legendre   func t ions   o f  the f irst  k ind  b Kalnins  
[ I 8 1  and  Kraus [lg]. I n   t h e   e x a c t   s o l u t i o n ,  (h /R)3 /12  has 
b e e n  n e g l e c t e d  i n  c o m p a r i s o n  t o  u n i t y ,  i n  o r d e r  t o  a r r i v e  a t  
a s o l v a b l e  d i f f e r e n t i a l  e q u a t i o n  ( th i s  i s  i n  k e e p i n g  w i t h  t he  
approximations made i n  t h i n  s h e l l  t h e o r y ) .  I n  t h e  p r e s e n t  
a n a l y s i s  ( h / R ) 2 / 1 2  was r e t a i n e d .  
For  ax isymmetr ic  mot ion  ( i . e . ,  on ly  u and w d e f l e c t i o n s  
p r e s e n t ) ,  K a l n i n s  [18] has g iven   e igenva lues  f o r  v a r i o u s  
boundary   condi t ions .   In  t h e  d i r e c t   s o l u t i o n  by  t h e   a u t h o r s ,  
a 1 0  term  power series was used for both  u and w. A compari- 
s o n  o f  r e s u l t s  f o r  a clamped  base  and a f r e e  b a s e  i s  g i v e n  i n  
Table 1 of t h i s  Appendix. The agreement i s  q u i t e   e v i d e n t .  
The reason  the d i r e c t  s o l u t i o n  (shown b y  R i t z  [ 4 ]  to be an 
uppe r  bound  fo r  s t a t iona ry  p rob lems)  y i e lds  a lower  e igenvalue  
f o r  t h e  f i r s t  f e w  modes t h a n  the e x a c t  s o l u t i o n ,  i s  f e l t  to be 
that  the  d i f f e r e n t i a l  e q u a t i o n s  tha t  would b e  obta ined  f rom 
the  energy  equat ion  are s l i g h t l y  d i f f e r e n t  t h a n  the  d i f f e r e n t -  
i a l  equa t ions  o f  Ref. 1171 due to the  n e g l e c t  o f  (h/R)2/12 i n  
comparison to u n i t y .  
TABLE 1. l3EE.P SP'HERICAL SHELL 
Axisymmetr ic Motion 
h / R  =0.05 , ~ = 0 . 3  , +o = 60" 
X* = w R J m  
Mode No. Clamped Base Free Base 
1 0 931" 1.006 Lo. 93083 
1 . 088 
[l. 0056 3 


















C3 99071 c3 5346 J 
3.991 
c 5 09561 c4.97921 
a. unbracketed numbers due to  Kalnins 881 
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The Complete Cone 
Due t o  t h e .  g e o m e t r i c . s i n g u l a r 1 t i e s  a t  the  apex ,  the com- 
p l e t e  c o n P c a l  she'll has  rec 'e ived  l i t t l e  t r ea tmen t  by t h e  R i t z  
method,  and l imi ted  e x a c t   s o l u t i o n ,   N e g l e c t i n g   t a n g e n t i a l  
i n e r t f a  (ii: =' O ) ,  an  exac t  so lu t ion  has  been  ob ta ined  by  us ing  
A i r y ' s  stres.s func t ion  and  the method of Frobenius [20]. 
Dreher [20] used the  Donnell-Mushtari s h e l l  equa t ions .  The 
a u t h o r  u s e d  N o v o z h i l o v t s  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  t o  
o b t a i n  t h e  d i r e c t  s o l u t i o n  o f  t h e  f ree  base case ,  w i th  and 
w i t h o u t   t a n g e n t i a l   i n e r t i a .   R e f e r e n c e  [20] gave  numerical  
r e s u l t s  for the  clamped  and f r e e  base, A compar i son  o f  r e su l t s  
i s  g i v e n  i n  Table  2 of  t h i s  Appendix. The small d i f f e r e n c e  i n  
t he  f requencies  f rom the  exac t  so lu t ion  and  t h e  d i r e c t  s o l u -  
. -  t i o n ,  when t a n g e n t i a l  i n e r t i a  was neg lec t ed ,  i s  probably due 
t o  the  f a c t  tha t  s l i g h t l y  d i f f e r e n t  e q u a t i o n s  were so lved .  
The r e s u l t  o f  n e g l e c t i n g  t a n g e n t i a l  i n e r t i a  has the  p r e d i c t a b l e  
e f f e c t  o f  r a i s i n g  t h e  n a t u r a l  f r e q u e n c i e s  s i n c e  mass i s  e f f e c -  
t i v e l y  t a k e n  o u t  o f  t h e  system (or c o n v e r s e l y ,  c o n s t r a i n t s  
have been added). 
-.. " . 
29  
TABLE 2. CONICAL SHELL 
Axisymmetric Motion 
A'*= 24.25 p = 0.000254 Ib-se&in4 
Y ~ 0 . 3  
E = 107psi 
h =0.4626 in 
P = 6 O 0  
N*= 12(1 -v2)(J?*/h)z/tanp 
=104 
Frequency, Hz 
\/lode c Neglecting u Including u I 
No, 1 Exact Solu t ion ,  
Ref. [ 2 0 ]  
2 I 1322.53 
3 1  1823.71 
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TABLE 1 .  SKEWED PLATE  IGENVALUES 
w a3 
/ /b = 1.0; ~ ~ 0 . 3  ; AR =0.5 
3.3961 I 3.0496  2.3547 
2 5.3583 5.1684 4.6916 4.1826 
3 10.1868 9.7192 (3.4568 6.7210 
18.5128  15.4916  11.3675 
1 1 1 3.4468 I 3.2803 I 2.1952 , 2.0489 
14.0529 I 11.9829 I 9.0208 
I 4 I 48.2295  44.2789 35.4095  25.0949 
J 
//b =2.0 ; Y = 0 . 3  ; AR =1.0 I 
No. a.0' a =15' a = 30' a=45' 
1 3.4746  3.3474  2.9522 2.2688 
2 8.5141  8.1242 1.0878 5.6992 
3 21.3010 20.7595  19.0494 13.6363 
4 27.2027  24.5838  19.4758 16.0858 
5 30.9848  31.6315  31.1425 25.7958 
1 1 1 3.4214 I I 3.2254 2.6171 
27.5833  21.0163  25.2054 
61.5278  51.4526  46.9855 
~~ 
85.2098  83.7205  78.3589 


























Experiment, I I  
2 . 9 7 1  Ref. 643 
6 .,95 
18-57 
19 . 82 
TABLE 3. SKEWED PLATE EIGENVALUES 














Direct Solution, Experiment, ReI86ner18 Theorem, 
&res Ref. b4] Ref. [IS] 
2.2688 2.06 2.31 








energy  due energy  due 
to bending t o  membrane J p ( l - f C O s u  
No' 
% of strotn Y o  Of strain As= 0. 
1 83.01  16.99 0.055033 
2 99.60 0.40 0.12315 
3 93.83 6.17 0.31920 
4 99.21 0.79 0.39806 
5 99.37 0.63 0.45040 
a =30° 
HELICOIDAL SHELL  EIGENVALUES 








Mode generalized % Of strain % Of strain As= 0. 
No' 
t o  bending t o  membrane ~ p ( l - f C o s u  
energy  due mass energy  due 
1 5.4171  92.14 7.86 0.05196 
2 
4.6053 91.71 2.29 0.32675 3 
6.7129 95.38 4.62 0.12108 
4 4.5698 98.37 1.63 0.33108 
5 1.5491 89.78 10.22 0.53356 
v =0.3 Y-0.1 rad 
a 45 '  
a = 4 5 O  
Mode generalized % of strain '10 of strain A,= 0. 
No' 
to bending t o  membmne J p ( l - f c o s u  
energy  due mass energy  due 
1 
1.1419 95.36 4.64 0.11846 2 
1.1615 97.50 2.50 0.046954 
3 7.0787 93.09 3.91 0.28031 
4 1.4521 98.19 1.81 0.33110 
5 4.0290 1.73 98.27 0.45252 
TABLE 5. HELICOIDAL SHELL EIGENVALUES 
R / R = 0 . 8   h / R = O . O l  ~50.3 y=O.1 rad 





O/O of s t ra in  
energy  due 
to bending 
"lo of strain % of strain 
energy  due energy due 








' I  0.013817 20.41 1 79.59 1 0.013123  5.63 84.37 
2 0.078118  13.04  86.96 
l 3  0.10304  5.78  9'4.22 
1 4  0.21436  49.33 50.67 
2 1  0.085751 19.30 I 80.70 2.1601 




2.6617 5 1  0.24289 16.69 I 83.31 1 5 1 0.23223 1 60.25 I 39.75 
a =30° a =45" 
% of strain 
to bending t o  membrane 
generalized % of s t ra in  
energy  due mass  energy  due 
7.73 1.9527 97.27 
9.42 2.0079 90.58 
10.48 6.6308 89.52 
46.00 2.4239  54.00 
46.95  8.2090  53.05 
V O  of s t ra in  
t o  bending 
mass energy due 
generalized 
96.46 4.7196 




energy  due 
No' Jp(l-J"lcoscz t o  membrane 




0.087251  17.06 
0.15069  28.53 
0. 20298  41.29 
TABLE 6. HELICOIDAL SHELL EIGENVALUES 
R/R = 0.8 h/R = 0.01 
y.0.1 rad 
v =0.3 a =o0 








0.013817 1 I 0.042681 1 18.11 I 81.89 I 2.1815 I 20.41 79.59 6.4158 
19.30 80.10 2.1607 
99.67 3.9252 
0.052883 I 89.74 I 10.26 1.3872 I 0.085751 
0.039644 3 3.6941  69.41 30.59 0.15929 
4 1.5465 91.49 8.51 0.15974 4 0.23240 99.91 I O.Og I I 5.9594 
0.24289 5 3.1834 61.93 38.07 0.20723 16.69  83.31 2.6617 
Y.0.7 rad Y =O. 5 rad 
r I I I 1 ,I:l;3:. 1 010 ;:.;train 1 010 of strain 
energy due  energy  due 









69.01 30.99 2.6410 
I 2 I 0.066911 I 56.84 1 43.16 0.061378 
0.14914 .09.96 10.04 1.5511 0.13920 53.49  46.51 
0.18983 36.29 63.71 
0.20016 61.72 
0.17898 33.19 66.81 9.4340 
0.17959 39.35 60.65 9.5614 
L 
TABLE 7. HELICOIDAL SHELL EIGENVALUES 
v -0.3 a =30° 
y =0.1 rad 
0.011659  92.27  1.9527 
2.8079 
0.10389  10.48  89.52  6.6308 
0.18166  54.00  2.4239 
0.22456  53.05  8.2090 
y=O. 5 rad 
1 1 I 0.023129 I 23.54 
1 2 1 0.082180 1 112.44 
1 3 1 0.13052 I 32.89 
0.14811  83.05 
0.16823  39.59 
OIO of stroin 
energy due 













y=O. 3 rad 
21.59  78.41 1.0371 
2 1.7562  49.56  50.44 0.069371 
3 1.7545 68.63 31.37 0.12406 
~ 
4 3.8605 71.98 28.02 0.15527 
3.8958 I 
7' =Os 7 rad 
energy  due 
No' { ~ l c o s c c .  to membrane 
2 I 0.094740 I 47.98 
0.13482  68.49 
0.14516  44.22 
0.20398  66.83 
O/O of. st ra in  
to bending 
mass energy  due 
generalized 
67.69 1.1878 




TABLE 8 .  HELICOIDAL SHELL EIGENVALUES 
A/R = 0.1 
I I 1 MEel I energy due I energy due I mass 1 As= 0. '10 of strain Y O  of strain  generalized 
J p ( l - f c o s u  to membmne to bending 
1 1 1 0.10619  90.25  1.1958 I 
I 2 I 0.15516 I 0.67 I 99.33 I 1.0221 I ;.I 99.51 8.8834 99.85 3.5975 
0.63881  98.81  1.6759 
R / R = 0 . 4  
1 M:el 1 energy due 1 energy due 1 mass- 1 As= 0. % Of strain % of strain  generalized 
J p [ l - ~ f c o s u  t o  membmne to bendinq 
I 1 1 0.02769 I I I 19.53 80.47  2.1162
5 2.2949 0.03 99.97 0.41555 
R / R = O . 2  
Mode generalized '/o of strain '10 of strain As. 0. 
No. energy due mass energy due 
J p ( l - f c o s c r  to bending to membmne 
1 9.1242  83.01 16.99  0.055033 
2 1.69112  99.60 0.40 0.12315 
3 9.0570 93.83 6.17 0.31920 
- ~~ 
4 6.5230  99.21  0.79 0.39806 
5 3.0463 99.37 0.63 0.45mO 
A / R = 0 . 8  
Mode generalized O/O of strain % of strain X,. 0. 
energy due mass energy due No* 
to bendinq to membmne J p ( l - f c o %  
1 6.8158 79.59 20.  $1 0.013817 
2 2.1607 80.70 19.30  0.085751 
~ f ~ ~~~ 1 0.33 1 59:; 1 1 0.099644  3.9252 
0.23240  99.91  5.9594 
0.24289  16.69  83.31  2.6617 
TABLE 9. HELICOIDAL SHELL EIGENVALUES 
! h/R=0.01 v ~0.3 
R / R  0.1 
moss 
96.20  1.3865 
R / R = 0 , 2  
5.4111 
I 3 1 0.28535 I 0.40 
~~ - ~~~ ~ ~ 
4 1.5343  99.84 0.16 0.52231 
5 2.0466 98.93 1.01 0.65908 
~~~ ~~~ 
4 '4.5698 98.37 1.63  0.33100 
5 1.5491 89.78 10.22 0.53356 
. .  
R / R = 0 . 4  
As. 0 .  % of strain 
energy  due 1 ""e 1 ~ ~ 1 ~ 0 ~  to  membrane 
0.024325 
0.10082 




92.17  1.5731 
90.25 3.8701 I 
7.80  3.2429 
R / R = 0 . 8  
1 energy  due 1 energy  due 1 , .mass 1 As= 0 .  '10 of strain % of strain  generalized 
No' J p ( l - m l c o s c r  to membrane to bending 
' I  0.011659  92.21 I .  1.9527 I 
2 1 3.064690 1 9.112 I 90.58 1 2.8079 I 
I 10.48 , 1 0.10389 I 89,2 1 -6.6308 0.18166 46.00 54.00 2.4239 
5 1  0.22456 I 46.95 I 53.05 I 8.2090 I 
Y 
1 4 nd Y are angles \ \ 1 




FIGURE 3. RIGHT CIRCULAR 
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FIGURE 4. RIGHT CIRCULAR 
CYLINDER CUT ALONG y = w  
AND DEVELOPED INTO THE 
PLANE, SHOWING THE HELI - 
COIDAL SHELL AND SKEWED 
COORDINATE SYSTEM 
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FIGURE 5. SKEWED PLATE ' 
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FIGURE 6. SKEWED PLATE 
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FIGURE 7. SKEWED PLATE 
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FIGURE 8. SKEWED PLATE 
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PLATE , w NODAL  PATTERNS Fiaure 9. SKEWED 
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Fig&” 1 2 .  SKEWED 
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PLATE , w NODAL PATTERNS 
"'"1 ,(/R =Os2 h / R = O - 0 1  ct 5 th  
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O.21 2 nd 
I 
1s t  mode 
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FIGURE 13. CONVERGENCE OF EIGENVALUES 






1 s t  mode 
0- I I I I I I I I I I I I I I 
4 8 12 16 2 0  24 2 0  32 
A/  =45" , 'y = 0.1 rad 
q t h  
No. of t e r m s  in each double  series 
FIGURE 14. CONVERGENCE OF EIGENVALUES 
FOR HELICOIDAL  SHELL 
Oa1]  0.3 
l /R=0 .8  , h /R = 0.01 , a = 1 5 O  7 = 0.1 rad 
5 i h  
3 r d  
2 nd 
- 
1 st mode 
0. I I I I I I I I I I I I I 1 
4 8 12 16 2 0  24 2 8  32 
No. of t e r m s  in  each double series 
FIGURE 15. CONVERGENCE OF EIGENVALUES 
FOR HELICOIDAL SHELL 
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R /  h 
FIGURE 16. HELICOIDAL SHELL 
EIGENVALUES vs R/h 
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FIGURE 17. HELICOIDAL SHELL 
EIGENVALUES vs R i h  
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Figure 20. HELICOLDAL 
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FIGURE 21. DISPLACEMENT NODAL PATTERNS FOR 
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